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1. Introduction 

Since the dawn of lattice field theory, the doubling problem has been a notorious obstacle 
for lattice simulations [jl|]. Although several prescriptions for this problem have been proposed, 
including Wilson [||], staggered domain-wall [Q] and overlap fermions [g], they have their 
individual flaws such as high numerical cost or the undesirable number of flavors. Recently, a new 
possibility of lattice fermion constructions was pointed out, which is called staggered- Wilson or 
staggered-Overlap [^]. It is constructed by introducing staggered versions of generalized Wilson 
terms ^ into staggered fermions. One possible advantage of this formulation is that it would 



improve the taste breaking [ ]14| ] and reduce numerical costs of overlap fermions [|8p. As with the 
case of Wilson fermion, it is quite important to study the parity phase structure (Aoki phase) [^] in 
staggered-Wilson fermions. The phase structure for the lattice Gross-Neveu model with staggered- 
Wilson fermions were studied in Ref . [ T(J 11 ] and by using hopping parameter expansion in strong- 



coupling lattice QCD [11, 12]. In this proceedings, we investigate strong-coupling lattice QCD [13] 



with emphasis on parity-phase structure [ ]12[ ] for staggered-Wilson fermions. We perform effective 
potential analysis for meson fields in the strong-coupling limit. The gap equations show that the 
pion condensate becomes nonzero in some range of a mass parameter. We also study meson masses 
around the second-order phase boundary, and find massless pions and PCAC relation. 



2. Staggered-Wilson fermions 

We first introduce "flavored mass terms" or "taste-dependent mass terms" which are general- 
ization of the Wilson term It is shown that there are two types of such terms but we focus 
only on one of them, which we call Adams type, since it has sufficient spacetime symmetries [JP|]. 
It is composed of four hopping terms as 

M A = ££T7 1 T7 2 T73T74CiC2C 3 C4 = (l®75) + ^(a) , (2-1) 

sym 

with (e)^ = (77^, = (-1)*+-+*m-iS^,c m = (Vm+vJ)/2, (V^lry = U^dyf+fi. 

Added to usual staggered fermion actions, this term lifts the degeneracy of four tastes and ends 
up with two positive-mass flavors and two negative-mass flavors. The two branches correspond to 
+1 and —1 eigenvalues of 75 in the taste space. We note that M A is also derived from the flavored 
mass terms for naive fermions through spin-diagonalization as shown in [Q]. Then the Adams-type 
staggered-Wilson fermion action is given by 

Sa = £&[V^ + r (l +M A ) +M] xy x y , (2.2) 

xy 

where = (V^ — Vl )/2. Here %, r, and M are the quark field, the Wilson parameter, and the usual 
taste-singlet mass (M = M8 x>y ), respectively. In lattice QCD simulations with these fermions, the 
mass parameter M will be tuned to take a chiral limit as in the Wilson fermion. By substituting this 
Dirac kernel with — 1 < M < 0, we obtain a two-flavor overlap fermion. 
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3. Effective Potential Analysis 



In this section, we consider the effective potential of meson fields for SU (N) lattice gauge 
theory with staggered- Wilson fermions. In the strong-coupling limit and the large N limit, the 
effective action can be exactly derived by integrating the link variables [||, |l3| ]. Then, by solving a 
saddle point equation, we can investigate a vacuum and find meson condensations. 

In the strong-coupling limit we can drop the plaquette action. Then the partition function for 
meson fields ^i x = (XxXx) /N with the source J x is given by 



Z(J) 



(3.1) 



where Sp stands for the fermion action. In this case, Sp is the Adams type staggered- Wilson action 

/3\ 



Eq. (2.2). N stands for the number of color. We here consider the effective action up to 
for the meson field jM. A method to perform the link variable integral for multi-hopping terms 



is developed in [12]. By using this method, the effective partition function for the meson field is 
given by 



(3.2) 
(3.3) 



Z(J) = J^Jtexp N \^J x JZ x + S e ft(Jt) 
= £(M^ t -ln^ v )+£lV(A) , 



where we denote M as the shifted mass parameter M = M + r. W (A) is, 

^l + (l_ 4Ajc )l/2 



I>(A) = -£ 



(l-4A.0 1/2 -l-ln 



where A x is, 
1 



A v 



16 
1 



y, ^x^x+u + — y -^x+fL-^x+fi+v 

H 3 M^v 



+ 6 ^ * 

r \2 



x+fi+V^x+jl+V+p 



+ ■ 



1 



''X+fl+V+p • y M'X+fi+ v+p+ff 



4! -16 



(3.4) 



M^v^p^tr 

x+jl+v+p+o + ^• y ^x+p.- y ^x+v+p+a + ^"^x+ft+v-^x+p+a) ■ 

(3.5) 



Then, we can derive the partition function in large N c as, 



Z(J = 0) = J ®J?exp[NS eS (j?)] 

~ exp [NS eS {yg)\ , (N °°) , 



(3.6) 



We assume only scalar (chiral) a and pseudoscalar (pion) n fields as = a + ie x K = Le' £xd . By 
substituting this form of the meson field into Eq. (EOI), we derive the effective action for the £ and 
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e, 



5 eff (^#) =M£Ecose-£ln£ 



;i-4-2I 2 sin 2 0) 1/2 -ln 



l + (l-4-2I 2 sin 2 0) 



1/2 



(3.7) 



We ignore the irrelevant constant. From the translational invariance, we factorize the four-dimensional 
volume Va from the effective action as S e ff (M) = — VaVss(L, 6). Then the effective potential V e ff is 
given by 



V eS (L,d) = -MZcose + lnl 

+ 



l-4-2I 2 sin 2 0) 1/2 -ln 



l + (l-4-2£ 2 sin 2 0) 1/2 



(3-8) 



where M = M + r. We take r = 16-^ for simplicity and ignore the irrelevant constant in the 
potential. Now let us look into the vacuum structure of this effective potential by solving the 
saddle point conditions dV eff (I, d)/dL = 0, d V eff (I, B)/dB = 0. ForM 2 > 4 or, equivalently, M > 
— 16\/3 + 2, M < — 16\/3 — 2, there is only the chiral condensate as 



1 



iXX) =£cos0 



1 



{zi£xZ) =Ssin0 =0 . 



(3-9) 



1 

For M 2 < 4 or, equivalently, — 16\/3 — 2 < M < — 16\/3 + 2, a finite pion condensate appears and 
breaks the parity symmetry spontaneously. 



Zcos G 



M 



jj(Xi£x%) =£sin0 



2(4 — M 2 ) 



(3.10) 



_M 2 ' 8-M 2 
The sign of the pion condensate Eq. ( 3.10| ) reflects the parity symmetry of the theory. The critical 
mass parameter M c = — 1 6 \/3 ± 2 and the range for the Aoki phase — 1 6 y/3 — 2<M<—\ 6a/3 + 2 
are consistent with those of the hopping parameter expansion JTT| , These results strongly 
suggest the existence of the parity-broken phase in the lattice QCD at least in the strong-coupling 
limit. Figure [T] shows the pion condensate, indicating that the phase transition is second-order. 

We can also derive the mass spectrum of the mesons by expanding the effective action 5 e ff (^#) 
to the quadratic terms of the meson excitation field = ^ x — ^£ x . We here concentrate on the pion 
mass in the parity-symmetric phase, since we can take the chiral limit by tuning the mass parameter 
from the parity-symmetric phase to the critical line, In the parity-symmetric phase (M 2 > 4), the 
quadratic part of the effective action is given by 

5 eff (^)-5 eff (^f) = £n4ff ) ^,y)n y 



d 4 P 

-n (2tt) 4 



n(- P )m{p) , 



where Tl(p) is the Fourier component of U x , and 



1 

2T 2 " 



+ 



£ cos £V 

I 1 



1 

24 



cos Pn+v+p+o 



(3-11) 



(3-12) 
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Figure 1: The pion condensate undergoes second-order phase transition. 



with Pn+v+p+o = P\i + Pv +Pp+ Pa- We obtain the pion mass by solving & = at p = [im n a + 
n,n,n,n) as 



cosh(m^a) = 1 + 



2M 2 -8 



(3.13) 



We find that these results are consistent with the hopping parameter expansion Ql 1| , |12fl : the pion 
becomes massless at the critical mass M 2 = 4, which indicates that a second-order phase transition 
occurs between the parity-symmetric and broken phases in the strong-coupling limit. By defining 
the quark mass as m q a = M — M c , we find an approximate PCAC relation near the critical mass, 



(m n d) 2 = -^-m q a + &{a 2 ) 



(3.14) 



We can also study a case for nonzero spatial momenta by considering p = (iEa + 7i,pia + 7t,p2d + 
n,pj,a + n) in Eq. ( |3.12 ). By using the pion mass Eq. ( 3.14 ) and renormalizing the Dirac operator as 



— \Q> — > we show that Eq. ( |3.12| ) results in the Lorentz-covariant form up to @{d) discretization 
errors, 



9= (E 2 



p 2 - m\)a 2 + , 



[a 



(3.15) 



with p 2 = p\ + p\ + p\. 

We here discuss the possibility of other condensations. For this purpose, we consider a general 
form of the meson field, 



a + /£^ + £(-l) A "v AI +£/£ A -(-l) A >^ + £ (-1)^ +A % V 



(3.16) 



where we define the vector, axial- vector, and tensor meson fields as v^, a^, and t^, respectively. 
We can easily show that there is no other condensate by substituting this general form Eq. ( p.l6j ) 
into the meson action 5 , e ff(^#). Thus we conclude that the vacuum we obtained is a true one. 
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4. Discussion of the two-flavor properties in continuum limit 

We now discuss the properties of flavors and pions for Adams-type staggered- Wilson fermions 
near the continuum limit. It has two flavors for each branch in the first place, and there is a pos- 
sibility of simulating the two-flavor QCD just by using a single lattice fermion. In lattice QCD 
with a single Adams-type fermion, the pion condensate is likely to be given by (xi£xX) = in the 
symmetric phase and (%i£xX) ^ in the symmetry-broken phase where no explicit flavor indices 
appear. We note that the two flavors contained in the Adams-type fermion have exact U (1) baryon 
symmetry, but no exact SU (2) flavor (taste) symmetry even near the chiral limit because of the 
taste-mixing in the original staggered fermions. This fact leads to the following properties: In the 
parity-broken phase, there is no massless NG boson since there is no continuous symmetry to be 
broken unlike the usual Wilson fermion. On the other hand, in the parity-symmetric phase and on 
the phase boundary, we will find correct chiral properties (PC AC) only for the U(l) subgroup but 
not for the whole SU (2) at finite lattice spacing. Nevertheless, since the Lorentz symmetry and 
other requisite symmetries are expected to recover correctly in the parity-symmetric phase for the 
Adams type, the universality class indicates that the SU (2) flavor (taste) symmetry is recovered in 
the continuum limit. Thus we believe that we can correctly describe the two-flavor QCD as long as 
we take a continuum limit. 

We note that we may have a further bonus in this formulation. SU (2) flavor symmetry breaking 
does not necessarily imply the mass splitting of three pions. The mass degeneracy of the three 
pions depends on the discrete flavor symmetry in the pion sector: if this symmetry is large enough 
to have a degenerate pion triplet, we have three degenerate pions even at the finite lattice spacing 



which become massless in the chiral limit (on the boundary). Recently Ref. Q14| ] has reported 
that classification of pion operators from the transfer matrix symmetry indicates three degenerate 
pions even at finite lattice spacing in the Adams fermion. It is also notable that, if we start with 



the improved staggered action as HISQ []T5[], the SU (2) flavor breaking in the Adams fermion is 



expected to be improved and to yield better chiral properties. 



5. Summary and Discussion 

In this proceedings, we have investigated strong-coupling lattice QCD with the Adams-type 
staggered-Wilson fermions, with emphasis on the parity-broken phase (Aoki phase) structure. We 
have performed an effective potential analysis for meson fields in the strong-coupling limit. In 
some range of the fermion mass parameter, we find a nontrivial parity-broken phase emerges. We 
also show that the pions become massless on the phase boundary and pion mass obeys PCAC 
relations. These results suggest that we can take a chiral limit by tuning a mass parameter in lattice 
QCD with staggered-Wilson fermions as with the Wilson fermion. 

In the future work, we can also study the contribution from some of higher meson fields, the 
detailed mass spectrum of the mesons and the possibility of other small condensations in the Aoki 
phase. 
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